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Abstract 
Up-to-date wide area measurement systems (WAMS) based on phasor 
measurement units (PMU) appeared at the very end of the 20th century. Under 
present-day conditions, WAMS serve as the basis for information-measuring 
systems, which significantly improve power system control and operation. In 
practice, WAMS are mostly used for power system stability control and transient 
monitoring and visualization. This paper discusses the new opportunities for 
power system control quality improvement, resulting from PMU application for 
power system steady-state parameters’ assessment. Firstly, better control is 
provided by online equivalent circuit parameters’ identification using PMU 
measurement data and taking into account FACTS and other shunt and series 
compensation equipment. Secondly, the paper addresses the problems of “nodal” 
identification, which have taken on great importance recently due to the intensive 
development of small-scaled distributed generation. Based on PMU 
measurements of nodal voltages and incident transmission lines’ electric 
currents, one can obtain online steady-state load characteristics, which can be 
used for dispatch control applications. Moreover, PMUs provide super-
accelerated power flow calculations, which are of crucial importance for 
emergency automation, adjusted for prior operation. Such principles of 
emergency automation consist of the quick determination of control actions, 
aimed at power system stability maintenance in cases of any programmed faults’ 
occurrence. It is known that such control is carried out by means of power flow 
calculations based on remote metering data. The proposed application and 
allocation of PMUs in the power system by means of combinatorial matrix 
transformation to triangle form give the possibility to perform accelerated node-
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voltage analysis without equivalent circuit simplification. All the calculations are 
verified using IEEE test networks. 
Keywords: FACTS, long-distance transmission line, parameter identification, 
telemetry, PMU placement, accelerated power flow calculations. 
1 Introduction 
The application of up-to-date distributed information-measuring systems, based 
on phasor measurements, implemented in wide area measurement systems 
(WAMS) [1–6] as well as in developing WACS and WAPS systems, using 
similar technology, or their combinations, improve the level and the quality of 
power system control informational support. However, at the present time, 
WAMS’ functional capabilities are underused. 
     This paper discusses the new possibilities of power flow control quality 
improvement using phasor measurements of power system operation parameters, 
collected from phasor measurement units (PMU). 
     Firstly, this refers to online equivalent circuit parameters identification, taking 
into account FACTS and other shunt and series compensation equipment of 
power transmission lines [7–10]. 
     Comprehensive application of the data, collected from PMU, gives the 
possibility not only to determine reliable equivalent circuit parameters, but to 
handle various power system control tasks, including power system observability 
determination, measurement data authentication, at a new qualitative level. This 
also results in significant power flow calculation time reduction, which is of 
crucial importance for dispatch and emergency control on-line calculations. 
     It is known, that control quality is mostly determined by power system 
observability and power flow monitoring accuracy as well as by the accuracy of 
power transmission lines’ physical parameters identification, such as impedance 
and admittance of power network elements, which strongly depend on each other 
as well as on loading and weather conditions. 
     Secondly, the paper illustrates that PMUs are able to provide power system 
observability and state estimation time reduction as well as accelerated 
calculations of power flow, which is highly important for emergency automation, 
using decision tables for preventive and emergency control. High cost of PMU 
devices led to the necessity to optimize PMU allocation in the power system. 
Earlier, in the scientific literature [3, 11 14], different PMU siting approaches 
were investigated. Most of them are aimed at optimization task solution, 
minimizing the amount of PMU devices and the corresponding expenses. 
     Further in the paper PMU allocation approach, based on the algorithm [15], is 
considered. Corresponding calculations provide power system observability as 
well as super-accelerated solution for nodal voltage equation set without power 
network dimensions reduction by means of admittance matrix triangulation, 
which is of great importance for power system emergency automation, using 
decision tables for emergency control. In such systems, control action amount 
should be identified within a short polling cycle time period, using current 
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telemetry data, to ensure power system stability in case of any predefined 
emergency occurrence. 
     The results are compared with other PMU allocation algorithms. 
Corresponding case studies, using IEEE test networks, are provided [16]. 
2 Transmission network parameters identification using 
PMU data 
Given the accurate information about electric current and voltage vectors, one 
can obtain adequate current-state power system equivalent circuit, which can be 
used for power system control purposes. In particular, if we know the complex 
values of currents and voltages at the transmission line terminals, we can obtain 
its equivalent circuit parameters – series resistance R and reactance X, shunt 
conductance G and capacitive susceptance B. 
     Such application of PMUs is extremely actual, because the errors in power 
system equivalent circuit parameters can be rather considerable, if they are taken 
by reference data. According to scientific researches, conducted earlier in USSR, 
reflecting the range of possible daily and seasonal conditions, power 
transmission line parameters can vary within relatively wide ranges (Table 1). 
More accurate transmission line parameters are followed by the accuracy 
improvement of any calculations, where these parameters are used. It is notable, 
that due to seasonal and daily conditions variation, equivalent circuit update 
should be carried out several times per day. 









Skin effect and weather conditions neglecting 
 (20 ) 1 0,004 20 .R R T         -24…+8% Strong 
X 
Inaccuracy in transmission lines geometry 
modeling. Multiple grounded overhead 
protection cables, parallel circuits. 
-10…+8% Weak 
B 
Transmission line sag, overhead protection 
cable grounding, parallel circuits, ground and 
humid air conductivity neglecting. 
25…30% Strong 
G Construction peculiarities, power flow and atmospheric conditions 1,5 – 3 times Very strong 
 
     An approach of equivalent circuit parameters identification, using current 
steady-state power flow parameters, is further considered. It is notable, that this 
approach provides reliable results whether there is series or shunt FACTS 
equipment in the power network or not. 
     A particular case is an overhead power transmission line. In case of 200–
300 km length, it can be approximated by symmetrical -circuit model with an 
admissible error: 
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 12 12 12 o o 12Z R jX r jx L    , 112 12 12 12Y Z G jB   ; 
 10 20 10 10 o o 12 2Y Y G jB g jb L     , (1) 
where o o o o, , ,r x g b  – specific line parameters per 1 km length; indexes 1 and 2 
indicate sending and receiving ends of the line, respectively. 
     A transmission line can be also represented by four-terminal element. The 
relation between four-terminal parameters and power flow parameters is well-
known and can be presented by the following expressions: 
1 11 2 12 2
1 21 2 22 2
U A U A I
I A U A I
    
  
   , (2) 
At the same time, conversion equations from matrix A  to ( Z , Y ) parameters 
and vice versa are the following: 
11 12 20
12 12
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. (3) 
Taking into account, that in case of symmetrical four-terminal element 
11 22 ,A A  and in the case of -model 10 20 0Y Y Y  , we obtain actual values of 
power transmission parameters using PMU measurement data, bypassing the 














  ,. (4) 
which can be further used for other power system control tasks, requiring 
equivalent circuit parameter calculations. 
     For instance, let’s consider 200 km 500 kV transmission line with the 
following initially given parameters:  5 72Z j   Ohm, 
 6 42, 24 10 3,60 10Y j     S, 1 500 0U     kV, 1 1000,12 0,0054I     A, 
1 500P   MW, 1 0,3Q    MVAr. 
     The calculation results for the receiving end are: 
2 487, 26 8,39U     kV, 2 1034,54 19,92I     A, 2 494,2P   MW and 
2 100,9Q   MVAr. 
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     Updated equivalent circuit parameters, taken as reference values for further 
calculations, were obtained during the inverse problem solution in accordance 
with expressions (4): 
 ref 5.028 71.978Z j   Ohm,  6 4ref 2.05 10 3.59 10Y j      S. 
The results of PMU measurements variations within the ranges of 0.1 % for 
electric current, 0.1 % for voltages, 0.1 % for phase angle show, that the relation 
between transmission line parameter errors and phase angle measurement error, 
obtained after equivalent circuit parameter identification, is linear. The most 
sensitive to phase angle measurement error parameter is active conductance, the 
next one – resistance. However, these parameters do not influence the result of 
steady-state power flow calculations greatly. 
     It should be mentioned that the most significant influence factors for phase 
angle measurements are the phase angle errors of instrument transformers, in 
particular – current transformer errors. The similar effect is given by inaccuracy 
of PMU synchronization. For example, if phase angle error equals to 1 = 0.2, 
the corresponding equivalent circuit parameter identification error percentage is 
the following: G = 17 %, R = 4 %, X = 2 %, B = 1 %. 
     In general, proposed methodology provides equivalent circuit parameters 
identification with required accuracy. 
3 Accelerated steady-state power flow calculation using the 
PMU information 
Accelerating effect can be easily shown on the IEEE 14 bus power grid example, 
which is presented in Figure 1. 
 
 
Figure 1: IEEE-14 power grid. Buses 1, 2, 4, 9, 10 are equipped with PMU. 
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     Let us assume that the set p, which includes the numbers of buses, where 
voltage measurements are carried out with PMU, is determined according to 
some criterion. The set, containing other buses, is referred to as ݍ. For the case, 
presented in Figure 1, (1, 2,4,9,10),p  (3,5,6,7,8,11,12,13,14)q  . 
     The electric current phasor measurements of the branches, which are incident 
to PMU-equipped buses, are not used, because in case of their fault, the 
observability of the power system may be lost. The application of these 
measurements should be discussed separately. 
     The initial admittance matrix Y from nodal analysis equation set is presented 
in Figure 2a as a dot diagram. 
     In accordance with the proposed algorithm the Y matrix can be transformed 
into the form, where triangular sub-matrix is separated after corresponding 




a  b 
Figure 2: Y matrix dot diagrams. 
     So, if the nodal voltages of the set p are measured by PMU devices, the 
voltages of the set q set can be calculated by the sequential downward solution of 
complex equation with one unknown variable and subsequent substitution of that 
variable into the next equations. Power flow calculation time becomes 
incommensurably less comparing to conventional power flow equation system 
calculations. The ݌ set determination algorithm and sub-matrix formulation 
methodology are presented below. 
     Moreover, as it will be shown further, the proposed algorithm provides close 
to optimal number of buses with PMU, which were determined in [3, 11–13] for 
IEEE test networks [15]. To be more exact, the resulting amount of PMU devices 
is often less, because the information from PMU is used simultaneously with 
nodal injection data. 
3.1 PMU allocation for accelerated power flow calculations 
The placement and application of PMU, providing super-accelerated power flow 
solution without power network dimensions reduction, are proposed in this 
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paper. Instead of conventional nonlinear system of K complex equations (K – the 
number of buses), the M M  left triangular matrix is generated, where 
M K N   (N – the number of PMU-equipped buses). The remaining M  
equations are solved in a sequential order. Every equation has one unknown 
complex variable. 
     The PMU-equipped bus set was previously defined as p, dim( )p N . 
Consequently, the dimension of the set of buses without PMU is dim( )q M . 
Admittance matrix with self-admittances ,i iY  (diagonal elements) and branch 
admittances , , ,i k i k i kY g j b    can be divided into separate blocks as follows: 
 pp pq p p
qp qq q q
Y Y U I
Y Y U I
    (6) 
Nodal voltage equation system in currents is given below: 
 pp p pq q pY U Y U I    , (7) 
 qp p qq q qY U Y U I    . (8) 
Assuming that complex values pU  are measured, the remaining bus voltages qU  
can be evaluated by solving the equation set (8), which can be given as follows: 
 qq q q qp pY U I Y U    . (9) 
Vector qI  components are calculated using active iP  and reactive iQ  power 
injections and voltages jV  data, collected from the conventional telemetry 
(without phasor measurements). System (9) dimension is dim( )qqY M M  . 
     If the rows and columns of matrix Y are rearranged according to the stated 
below algorithm, the qqY  matrix becomes triangular as shown in Figure 2. It 
should be noted again, that downward solution is carried out for complex 
equations with one unknown variable, which are further substituted into 
remaining equations. System 
 T T T T Tqq q q qp pY U I Y U     , (10) 
where T-index indicates triangular transformation result, has less computation 
time, than conventional one (9). 
3.2 Triangular sub-matrix generation algorithm 
1. If the slack bus with installed PMU was previously determined, the algorithm 
procedure begins with assigning the bus with number {1}. The corresponding 
column in matrix Y is removed. In our example, presented in Figure 2a, 
column 1 is highlighted. The same procedure should be performed with the 
buses, where PMUs are initially installed. 
2. Minimal-rank node search. It is necessary to find the column with the 
maximum nonzero entries in the diagram (Figure 2a). In case of multiple 
maximal-rank buses, the leftmost one is chosen. That bus voltage is further 
considered as determinative and the corresponding matrix Y column is assumed 
to be evaluated. That column is then coloured (grey in our case) and numbered 
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{2}, since number {1} has been already assigned to the slack bus 1. In the 
example the maximum rank bus is bus number 4. According to the algorithm, the 
bus is assigned with number {2}, indicating that this bus voltage will be second 
determinative and the 4th bus will be the 1st in the new matrix (Figure 2b). The 
column is coloured, and all its elements are considered to be evaluated. 
3. Equation with one unknown variable search. In the entire matrix, one should 
find the row with only one unknown voltage variable. Equation i with one 
unknown variable jU  gives the possibility to calculate the voltage, if the bus 
current injection jI  is initially given. If an equation of that type exists, go to 
step 4. Otherwise, the equation with minimum unknown voltages should be 
determined. After that the leftmost maximum rank bus is defined (step 2). 
     In the example, the equation with one unknown variable is absent, so the 
equation with the minimum amount of unknown voltages should be found (row 3 
if searching downwards from top). Obviously, in that row the maximum rank 
column is column 2. It is assigned with number {3}. That shows that this 
variable will be the 3rd determinative voltage and the column will be the 3rd in 
the new matrix (Figure 2b). The column is highlighted with colour and all its 
entries are assumed to be known. 
4. The determined row is assigned with number [1] and the same number is 
assigned to the voltage (column), calculated from that row; the column is 
highlighted with color. Other rows and columns are assigned with numbers [2], 
[3], etc. in accordance with stated rules of the algorithm. The algorithm goes to 
step 2 until all the columns are passed. The further actions are carried out 
according to subsequent steps, described above. 
     The results for the 14 bus test network are presented in Figure 2b, where we 
can see the new rows and columns numeration that provides the triangular sub-
matrix assignment. 
5. Rows and columns numeration analysis. After the numeration and 
determinative voltages are obtained, the new diagram is divided into sub-
matrixes. The upper rows of the obtained matrix are the initial matrix rows, that 
haven’t obtained the indexation. Subsequent rows are the rows of initial matrix 
in the new order {1}, {2}, etc. The columns are presented in the new order too: 
firstly, the determinative nodes {i}, and then the remaining ones {j}. As a result, 
we generate the new matrix with assigned triangular sub-matrix, which is 
presented in the Figure 2b. 
3.3 PMU devices number minimization 
PMU gives the possibility to obtain information not only about the bus voltage, 
but also about electric current values of transmission lines, that are incident to 
the bus. The application of such data results in PMU amount reduction in 
comparison with the previous case, where only the voltage data was used. 
     It can be easily illustrated for the same test network (Figure 1). 
     In accordance with the developed algorithm, the calculation steps are the 
following: 
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1. Voltage values ( )2
pU , ( )5 pU  are calculated through the voltage drops in 
transmission lines 1-5 and 1-2 using PMU1 measurements: 1
PMUU , 1 5PMUI  , 1 2PMUI  . 
2. Voltage values ( )3
pU , ( )7 pU  and ( )9 pU   are calculated through the voltage drops 
in transmission lines 4-3, 4-7 and 4-9 using PMU4 measurements: 4
PMUU , 4 3PMUI  ,
4 7
PMUI  , 4 9PMUI  . 
3. Voltage values ( )11
pU , ( )12pU  and ( )13pU  are calculated through the voltage drops 
in transmission lines 6–11, 6–12 and 6–13 using PMU6 measurements: 6
PMUU ,
6 11
PMUI  , 6 12PMUI  , 6 13PMUI  . 
4. ( )8




pU  is calculated from the complex equation using initially known load 
current value 10I and the calculated voltages ( )9 pU  and ( )11pU . 
6. ( )14
pU  is also calculated by solving one complex equation using initially known 
load current value 14I and the calculated voltage values ( )9 pU  and ( )13pU . 
     Thus, power flow calculation, that are carried out without solving massive 
nonlinear equation system ( 26 26 ), for the given test network require only 
three PMUs installation in buses 1, 4 and 6. 
     It is important to say, that proposed algorithm provides not only power 
system observability and accelerated power flow calculations, but also PMU 
devices amount minimization. 
     The algorithm (A1) operation will be further demonstrated on IEEE-30 
international test network, containing 30 buses. Figure 3 presents the resulting 
admittance matrix dot diagram after row and column rearrangement. As we can 
see from Figure 3, the p set is (1, 2, 4, 6,10,15,18, 22, 28, 29)p  and its 
dimension is dim(p) =10. 
     An interesting result was obtained for IEEE-57 test network [15]. The set 
(1, 3, 4, 6, 7, 9,10,11,12,14)p  includes 10 measurements ( dim( ) 10p  ), 
which is less than resulting amount of PMUs from other existing PMU 
placement algorithms А4 [11], A5 [3], A6 [13], A7 [12]. The comparison is 
presented in Table 1. 
     Since PMU provides not only bus voltage magnitude and its phase, but also 
complex values of bus, linear and transformer current injections, the necessity of 
accelerated power flow calculation algorithm improvement arises. 
     Developed algorithm A2 is noted for the application of PMU electric current 
measurements along with conventional bus current injections remote meters 
(RM). One more modification A3 is based only on PMU current and voltage 
measurements. Figure 4 demonstrates RM and PMU allocation for 14-IEEE test 
network, which results from A2 algorithm operation. As we can see, only 2 PMU 
devices are required in buses 4 and 6 along with 4 RM meters in buses 1, 8, 10 
and 14. 
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 Figure 3: Resulting Y dot diagram for IEEE-30 test network. 
     Special attention must be given to proposed algorithm comparison with other 
existing techniques [3, 11–13]. The most demonstrative is comparison between 
A1 and A4 [11] algorithms. The latter one also results in accelerated power flow 
calculations. It can be seen, however, that in A4 PMU costs, essential to ensure 
power system observability, are higher, because conventional meters are 
discarded. Comparative evaluations are presented in the following table. 
 
Table 2:    Comparison results. 
Power grid 
Algorithms 
А1 [15] А2 А3 А4 [11] A5 [3] A6 [13] A7 [12] A8 [4] 
IEEE – 14 4 2 4 4 4 4 4 – 
IEEE –30 9 – – – 10 10 – – 
New England 9 8 8 8 – – – – 
IEEE – 57 10 9 15 – 17 17 17 13 
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 Figure 4: PMU and RM allocation according to A2 algorithm. 
 
     The proposed algorithm is based on the topological information only and 
doesn’t consider the nodes with zero injections. 
4 Conclusions 
1. In spite of acceptable testing results, nowadays, the implementation of power 
network parameter identification function is limited due to the lack of PMU 
devices in the power system. The solution may be achieved if all available up-to-
date metering equipment is used. Moreover, this equipment should be provided 
with time synchronization functions similarly to PMUs with the possibility of 
data transmission to the information processing centers. 
 
2. PMU devices placement based on the sub-matrix TqqY  triangulation provides 
both the power system observability and super accelerated power flow 
calculations. It is not required to find the solution for massive nonlinear equation 
system in the proposed algorithm; equations have only one complex unknown 
variable and are solved sequentially. Moreover, the resulting number of PMU 
devices turned out to be minimal. 
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